Interface states of rectangular photonic crystals with dislocated and
  non-dislocated photonic bandgaps by Chen, Jianzhi et al.
 Interface states of rectangular photonic crystals with 
dislocated and non-dislocated photonic bandgaps 
Jianzhi Chen, Jianlan Xie, Exian Liu, Bei Yan, and Jianjun Liu* 
Key Laboratory for Micro/Nano Optoelectronic Devices of Ministry of Education 
& Hunan Provincial Key Laboratory of Low-Dimensional Structural Physics and 
Devices, School of Physics and Electronics, Hunan University, Changsha 410082, 
China 
*Corresponding author: jianjun.liu@hnu.edu.cn 
Abstract: In this paper, the interface with two 2D photonic crystals (PCs) is 
constructed with different rectangular lattices but the same material, shape and size of 
dielectric rods and interface states are realized. The existence of interface states is 
analyzed with Zak phase and surface impedance. When the length-width ratio of 
rectangular lattices is changed, the retainabilities of the interface states with dislocated 
and non-dislocated photonic bandgaps (PBGs) are studied by the relationship between 
length-width ratio of rectangular lattice and Zak phase. It is found that, when the 
interface states are realized by changing the length-width ratio of rectangular lattices, 
the retainability of the interface states with dislocated PBGs is mainly influenced by 
the positions of PBGs, while the retainability of the interface states with 
non-dislocated PBGs is mainly influenced by Zak phases of the bands. At the selected 
ky in this paper, the retainability of the interface states with dislocated PBGs is better 
than that with non-dislocated PBGs, and it is adjustable. Further study shows that 
these conclusions are universal applicable to rectangular PCs with different materials, 
shapes and sizes of dielectric rods. These results provide a new way to realize 
interface states with only one kind of dielectric rod easily and construct optical 
waveguide with strong retainability. 
1．Introduction 
PCs are artificially arranged periodic [1,2] or quasi-periodic [3] structure materials 
with different permittivities. Due to the properties of the photonic bandgap (PBG), 
photonic localization, negative refraction, etc., PCs can be used for many purposes, 
such as optical fibers [4–14], lenses [15–24], prisms [25,26], sensors [11,13,27–29], 
lasers [30–32], filters [8,33], one-way waveguides [34–36], logic gates [37], etc., 
wherein waveguides are the primary elements of integrated optics [38], which can 
control the direction of light propagation. 
PC waveguide (PCW) can control the light propagation at the specific frequency 
with the PBG property and waveguide mode [39,40]. The transmission loss of the 
PCW is low [41]. The interface states in PCs can be used for photonic localization and 
surface mode coupling [42–49] to control the light propagation and realize the 
waveguide effect. Nearly 100% transmission can be achieved by the bend waveguide 
with interface states [50], and the other special properties of interface states have 
 attracted the attention of the researchers as that, the existence of interface states is 
related to PBGs, surface impedances and Zak phases of the two PCs [51–60]; due to 
topological protection, interface states can exist between two PCs with different 
topological properties [61–63], while Zak phase is an important topological property 
[52–59]. The topological properties [64,65] enrich the use of PCs, which will be 
explained below. The methods commonly used to realize interface states in PCs 
include band inversion [54–56], structure inversion [57,58] and unit cell translation 
[59]. In PCs, because of the decisive effect of lattice on bands, the change of lattice 
structure is bound to directly affect the realization and properties of interface states. 
Previous researches on interface states of PCs were mainly based on square lattice 
[54–59], honeycomb lattice [54] or triangular lattice [57] PCs and mostly on square 
lattice PCs. Since square lattice is just a special case of rectangular lattice, in order to 
obtain the more universal characteristics of interface states, it is necessary to study the 
characteristics of interface states in rectangular lattice PCs furtherly. In addition, 
according to the previous works on interface states in PCs, the materials [54–58], the 
shapes [57,59] and the sizes [54–57] of scatterers of the two PCs constructing the 
interface are different, increasing the difficulty of preparation and popularization. 
Therefore, it is meaningful to find a method to realize interface states with the same 
dielectric rods on both sides of the interface.  
In order to find a method to optimize the effect of interface states with rectangular 
lattice, the methods to realize interface states can be categorized as dislocated PBGs 
and non-dislocated PBGs, and a comparative study of them should be made. For 
dislocated PBGs, the mth PBG of PC1 and the nth PBG of PC2 overlap each other on 
frequency when m ≠ n, while for non-dislocated PBGs, m = n. By summarizing the 
previous works, it can be found that, if the interface states are realized by band 
inversion [54–56], the interface states are usually realized under the premise of 
dislocated PBGs, however, this method requires the establishment of Dirac point first, 
that is, a strict selection of materials and structures is required. If the interface states 
are realized by structure inversion [57,58], due to the limitation of the relationship 
between geometric and band structures, the interface states are generally realized 
under the premise of non-dislocated PBGs. When it comes to unit cell translation [59], 
the realization of the interface states must be based on the premise of non-dislocated 
PBGs. When the length-width ratio of rectangular lattice is taken as the only variant 
to study the influence of it on interface states, although it is different from the 
previous methods, it is still possible to realize interface states in a certain rule, while 
there should be obvious differences in the difficulty and effect of realizing interface 
states with dislocated PBGs and non-dislocated PBGs. Therefore, the study and 
comparison of the interface states with dislocated PBGs and non-dislocated PBGs can 
provide a new method for realizing interface states and optimizing the characteristics. 
In this paper, the interface is constructed with different rectangular lattices and the 
same material, shape and size of the dielectric rods of the two PCs realizing interface 
states more easily because of the same dielectric rods, and the interface states are 
realized with dislocated PBGs and non-dislocated PBGs, then it is found that the 
retainability of the interface states with dislocated PBGs is mainly influenced by the 
 positions of PBGs, while the retainability of the interface states with non-dislocated 
PBGs is mainly influenced by Zak phases of the bands. Moreover, it is found that the 
existence of the interface states with dislocated PBGs is not easily affected by the 
change of rectangle lattice at the selected ky in this paper, and it is adjustable. The 
same conclusions can be obtained by changing the material, the shape and the size of 
the dielectric rods. 
2. Model and theory 
In this paper, the PCW model for realizing interface states is shown in Fig. 1. The 
waveguide structure consists of two semi-infinite rectangular lattice PCs. The radii of 
the circular dielectric rods of the two PCs are r = 0.2μm, and the materials of the rods 
are all silicon with relative permittivity εr = 11.9, while the background material is air. 
The lattice constants of the two PCs are set as ax = a = 1μm in the x direction, and ay1 
and ay2 (both called as ay as the case may be) in the y direction respectively. The ratio 
of the lattice constants in the two directions is defined as the length-width ratio of the 
rectangular lattice η = ay/ax. In this paper, by changing ay1 and ay2, in other words, by 
changing the length-width ratios of the rectangular lattices of the two PCs, generation 
and properties of interface states are studied. In the specific simulation calculation 
below, the numbers of dielectric rods along the x direction in the region of PC1 and 
PC2 are both 5, and the point light source is set below at the y axis (as shown as the 
red arrow).  
 
Fig. 1. The PCW model for realizing interface states along y axis.  
For the convenience of research, the band of interface states is calculated by 
selecting ay1 = 2ay2 firstly. If ay1 = 1.4μm (η1 = 1.4), ay2 = 0.7μm (η2 = 0.7), the 
projected band structures for TM polarization of the two PCs and the eigenfield 
distribution are shown in Fig. 2. 
  
Fig. 2. (a) The projected band structures of the two PCs. The pink regions represent the passing 
bands of PC1 while the light green regions represent the passing bands of PC2, and the dark green 
regions represent the common bands of the two PCs; (b) the eigenfield distribution of an interface 
state with f = 0.6457c/a at ky = 3π/(5.6a) (indicated by the red dashed line in (a)) in the projected 
band structures. 
In Fig. 2(a), the interface states appear at the common PBG as shown as the band 
indicated by the blue dotted line. As shown in Fig. 2(b), the eigenfield distribution is 
localized at the interface of the two PCs. 
For the 2D PCs, the necessary condition to realize an interface state is that at a 
specific ky (that is, in a 1D system) and frequency, the sum of surface impedances (Z) 
on both sides of the interface is 0 [66–68]. Within the range of PBG, the real part of 
surface impedance of PC is 0, and only the imaginary part of surface impedance 
(Im(Z)) affects how the wave reflects and propagates at the interface, that is to say, it 
is enough that only the sum of the imaginary parts of the surface impedances is 0 to 
realize an interface state, so 
1 2Im( ) Im( ) 0,Z Z+ =              (1) 
where Z1 (Z2) is the surface impedance of the left (right) side semi-infinite PC at 
a specific ky and frequency. In 1D system (e.g., 1D PC, and 2D PC at a specific k) 
with mirror symmetry, Im(Z) of the adjacent PBGs (we define the (n-1)th gap as 
gap(n-1) and the nth gap as gap(n)) have the following relationship [55–59] with 
the Zak phase (φ) of the (n-1)th band: 
( )
1
( 1)
sgn[Im( )] exp( ).sgn[Im( )]
gap n
n
gap n
Z iZ ϕ −−
= −      (2) 
By Eq. (2), the sign of Im(Z) can be figured out with Zak phase (φ), and then the 
existence of interface states can be analyzed with Eq. (1). Referring to the method of 
calculation of Zak phase of 1D system, the projected band structures along the kx 
 direction at ky = 3π/(5.6a), eigenfield distributions and Zak phases of the two PCs are 
shown in Fig. 3. 
 
Fig. 3. The projected band structures along the kx direction at ky = 3π/(5.6a), eigenfield 
distributions and Zak phases of the two PCs: (a) PC1; (b) PC2. The colors of the PBGs represent 
the signs of Im(Z) with red for positive and blue for negative. The coordinates for calculating 
surface impedance and Zak phase are shown in the lower left corner of the subfigures, and the 
origins are in the center of the left boundary of the cells. 
The coordinate system is established in the cell, and the origin is chosen at the edge 
of the cell because surface impedance and Zak phase are calculated at the edge of the 
cell [60]. Considering the symmetry of the eigenvalues of the two high symmetric 
points in the reduced 1D Brillouin zone, Zak phase of each band can be obtained, 
when the two high symmetric points are kx = -π/a (labeled by A) and kx = 0 (labeled 
by B). According to Kohn’s results [69], Zak phase is π if one of A( 0)xE =  and 
B( 0)xE =  is 0 and the other is not 0, while Zak phase is 0 if both are 0 or neither. 
Therefore, according to the eigenfield distribution, Zak phase corresponding to each 
band can be obtained, as shown in Figs. 3(a) and 3(b). Here, 
0
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  is relative to point A or B. Due to the 
fact that Im(Z) of the lowest PBG is always negative [55], according to Eq. (2), the 
sign of Im(Z) in each PBG can be obtained, as shown in Figs. 3(a) and 3(b). When f 
∈[0.6165c/a, 0.6734c/a], Im(Z1) > 0, Im(Z2) < 0 (where the fifth PBG of PC1 and the 
fourth PBG of PC2 overlap each other). In the range of PBG, as the frequency 
increases, Im(Z) decreases from +∞ to 0 when Im(Z) > 0, while Im(Z) decreases from 
0 to -∞ when Im(Z) < 0 [55]. Therefore, there is a frequency that can make Im(Z1) and 
Im(Z2) satisfies Eq. (1) within the frequency range that the two PBGs overlap each 
other, that is, an interface state exists at the interface of the two PCs at this frequency 
[56]. According to the definition in the Introduction, the interface state here is 
realized with dislocated PBGs. 
3. Results and discussions 
 The field distributions of the realized interface states at f = 0.6457c/a and 0.6510c/a 
selected from Fig. 2(a) are shown in Fig. 4. Interface states can be observed, and the 
electric fields are localized at the interface of the two PCs. 
 
Fig. 4. The electric field distributions of two realized interface states: (a) f = 0.6457c/a; (b) f = 
0.6510c/a. 
In order to furtherly explore the influence of rectangular lattice PCs on interface 
states, the length-width ratio (η2) of rectangular lattice of PC2 is changed below, while 
the retainability of interface states is studied under the premise of realizing interface 
states with dislocated PBGs at ky = 3π/(5.6a), and Zak phase and surface impedance 
are analyzed. The results are shown in Fig. 5. 
 
Fig. 5. (a)-(d) When ky = 3π/(5.6a), ay∈[0.45a, 1.4a], the changing situation of Zak phase in each 
band: (a) the first band; (b) the second band; (c) the third band; (d) the fourth band; (e) when ay1 = 
1.4a, ky = 3π/(5.6a), the projected band structures intercepted from Fig. 3(a) along the kx direction; 
(f) when ay1 = 1.4a, ay2∈[0.45a,1.15a], ky = 3π/(5.6a), the schematic diagram of analysis of the 
 frequency range of corresponding PBGs of interface states realized by the two PCs. The region 
surrounded by red dashed lines represents the frequency range of the fifth PBG of PC1, Im(Z1) > 0; 
the region surrounded by blue solid lines represents the frequency range of the fourth PBG of PC2 
with changing ay2, Im(Z2) < 0, and where the ends of the blue dashed lines mark are ay2/ax = 0.7; 
the region of black vertical lines represents the region of Im(Z1) > 0 and Im(Z2) < 0 when ay1 is 
fixed and ay2 is changed, where a certain frequency which can be obtained by the method of Fig. 
2(a) exists in any vertical line can satisfy Eq. (1); (g) when ay2 = 0.7a, ky = 3π/(5.6a), the projected 
band structures intercepted from Fig. 3(b) along the kx direction. 
According to Eq. (2), surface impedance is correlated with Zak phase, and interface 
states can be analyzed with Zak phases. As shown in Figs. 5(a)-5(d), when ky = 
3π/(5.6a) and ay∈[0.45a, 0.705a), Zak phases of the second and the third bands are π, 
and when ay∈(0.705a, 1.4a], Zak phases of the second and the third bands are 0 (that 
is, the second and the third bands are inverted when ay = 0.705a), while Zak phase of 
the first (fourth) band is always π (0). According to Eq. (2), although Zak phases of 
the second and the third bands change as ay changes as shown in Figs. 5(b) and 5(c), 
Im(Z) of the fourth PBG is still negative, and Im(Z) of the fifth PBG is still positive, 
in other words, whether Zak phases of the second and the third bands of PC2 change 
have no effect on the generation of interface states. By changing ay1 and ay2, the 
positions of PBGs of the PCs on both sides can be adjusted to realize dislocation of 
the PBGs so that the frequency range of the fifth PBG of PC1 and the frequency range 
of the fourth PBG of PC2 overlap each other, then Eq. (1) is satisfied and interface 
states can be realized.  
According to the above analysis, by adjusting ay2∈[0.45a, 1.15a] with ay1 = 1.4a 
fixed, the topological properties of interface states of the PCs and the retainability of 
interface states of the changeable rectangular lattices (the definition of retainability 
will be explained below) are studied as shown in Fig. 5(f). The frequency range 
surrounded by red dashed lines is the frequency range for Im(Z1) > 0 in the fifth PBG, 
and the bands of PC1 and Im(Z1) are shown in Fig. 5(e). The frequency range 
surrounded by blue solid lines is the frequency range for Im(Z2) < 0 in the fourth PBG 
with changing ay2. When ay2 = 0.7a where the ends of the blue dashed lines mark, the 
bands of PC2 and Im(Z2) are shown in Fig. 5(g). In the region of vertical lines in Fig. 
5(f), when ay1 and ay2 are fixed, there is a frequency in the corresponding vertical line 
that can satisfy Eq. (1), then an interface state can exist. The situation that interface 
states can still exist when the length-width ratio of the rectangular lattice of the PC 
changes greatly is called the retainability of interface states of rectangular lattice PCs 
(it should be noted that, although interface states can still exist, but the frequencies of 
the interface states may change), hereinafter referred to as retainability. Because of 
the retainability, when the frequency of incident light changes, interface states can 
still be realized by adjusting ay2. According to Fig. 5(f), at ky = 3π/(5.6a), ay2∈(0.460a, 
1.136a) when interface states are realized with dislocated PBGs. 
The interface states above are realized by utilizing the retainability of interface 
states with dislocated PBGs in changing rectangular lattice PCs. According to the 
above analysis of Zak phase and surface impedance, by adjusting ay to change the 
corresponding frequency range of each PBG, the third PBGs of PC1 and PC2 may be 
 made to have different signs for Im(Z), whose frequency ranges overlap each other 
(which belongs to the situation of non-dislocated PBGs), and interface states can be 
realized within this overlapped frequency range. The situation that ay1 = 0.9a (η1 = 
0.9), ay2 = 0.45a (η2 = 0.45) is studied to explore its feasibility of realizing interface 
states with non-dislocated PBGs, and the results are shown in Fig. 6. 
 
Fig. 6. (a) When ay1 = 0.9a, ay2 = 0.45a, the projected band structures of the two PCs (the red 
dashed line indicates ky = π/(4a)). The pink regions represent the passing bands of PC1 while the 
light green regions represent the passing bands of PC2. The dark green regions represent the 
common bands of the two PCs; (b) the eigenfield distribution of an interface state with f = 
0.5400c/a at ky = π/(4a) (indicated by the red dashed line in (a)) in the projected band structures; 
the projected band structures along the kx direction at ky = π/(4a) and Zak phases of the two PCs: 
(c) PC1; (d) PC2. The colors of the PBGs represent the signs of Im(Z) with red for positive and 
blue for negative. The coordinates for calculating surface impedance and Zak phase are shown in 
the lower left corner of the subfigures, and the origins are in the center of the left boundary of the 
cells; (e) the electric field distribution of an realized interface state with f = 0.5400c/a. 
As shown as the blue dotted line in Fig. 6(a), there are interface states in the 
common PBG. Fig. 6(b) shows the eigenfield distribution with f = 0.5400c/a at ky = 
π/(4a) in the projected band structures, and it can be found that the eigenfield 
distribution is localized at the interface of the two PCs. According to Figs. 6(c) and 
6(d), when ky = π/(4a), Im(Z) for the third PBG of PC1 (PC2) is positive (negative), 
and the PBGs of the two PCs overlaps each other on frequency, then an interface state 
can be realized in this frequency range, which is consistent with the frequency 
satisfying Eq. (1) in Fig. 6(a). According to Fig. 6(e), an interface state exists at the 
 interface of the two PCs with f = 0.5400c/a. Because the third PBG of PC1 is narrow 
so that the distances between the band of interface states and passing bands are small, 
the effect of photonic localization is not as good as that of the interface states realized 
with dislocated PBGs. 
Similar to Fig. 5, in order to furtherly compare the retainability of the interface 
states realized with dislocated and non-dislocated PBGs, on the premise of realizing 
interface states with non-dislocated PBGs, Zak phase and surface impedance are used 
to study the retainability of the interface states at ky = π/(4a) by changing the 
length-width ratio (η2) of the rectangular lattice below, and the results are shown in 
Fig. 7.  
 
Fig. 7. (a)-(c) When ky = π/(4a)，ay∈[0.4a, 0.9a], the changing situation of Zak phase in each 
band: (a) the first band; (b) the second band; (c) the third band; (d) when ay1 = 0.9a, ky =π/(4a), the 
projected band structures intercepted from Fig. 6(c) along the kx direction; (e) when ay1 = 0.9a, ay2
∈ [0.4a, 0.85a], ky =π/(4a), the schematic diagram of analysis of the frequency range of 
corresponding PBGs of interface states realized by the two PCs. The region surrounded by red 
dashed lines represents the frequency range of the third PBG of PC1, Im(Z1) > 0; the region 
surrounded by blue solid lines represents the frequency range of the third PBG of PC2 with 
changing ay2, Im(Z2) < 0, and where the ends of the blue dashed lines mark are ay2/ax = 0.45; the 
region of black vertical lines represents the region of Im(Z1) > 0 and Im(Z2) < 0 when ay1 is fixed 
and ay2 is changed, where a certain frequency (which can be obtained by the method of Fig. 2(a)) 
exists in any vertical line can satisfy Eq. (1); (f) when ay2 = 0.45a，ky =π/(4a), the projected band 
structures intercepted from Fig. 6(d) along the kx direction. 
As shown in Figs. 7(a)-7(c), when ky =π/(4a) and ay∈[0.4a, 0.835a), Zak phases of 
the second and the third bands are π, and when ay∈(0.835a, 0.9a], Zak phases of the 
second and the third bands are 0 (that is, the second and the third bands are inverted 
when ay = 0.835a), while Zak phase of the first band is always π. According to the 
above analysis, by adjusting ay2∈[0.4a, 0.85a] with ay1 = 0.9a fixed, the topological 
properties of interface states of the PCs and the retainability of interface states of the 
 changing rectangular lattice are studied as shown in Fig. 7(e). The frequency range 
surrounded by red dashed lines is the frequency range for Im(Z1) > 0 in the third PBG, 
while the bands of PC1 and Im(Z1) are shown in Fig. 7(d). The frequency range 
surrounded by blue solid lines is the frequency range for Im(Z2) < 0 in the third PBG 
with changing ay2. When ay2 = 0.45a where the ends of the blue dashed lines mark, 
the bands of PC2 and Im(Z2) are shown in Fig. 7(f). In the region of vertical lines in 
Fig. 7(e), when ay1 and ay2 are fixed, there is a frequency in the corresponding vertical 
line that can satisfy Eq. (1), then an interface state can exist, however, due to the 
narrow PBG, the effect of photonic localization is poor (as shown in Fig. 6(e)). 
Interface states can be realized (as shown in Fig. 5) whether the second and the third 
bands of PC2 are inverted (that is, whether Zak phases are changed) with dislocated 
PBGs as long as the fifth PBG of PC1 and the fourth PBG of PC2 overlap each other 
on frequency, so its retainability is mainly influenced by the positions of PBGs, while 
interface states can only be realized when the second and the third bands of PC2 are 
not inverted (ay2 < 0.835, Im(Z1) > 0, Im(Z2) < 0) with non-dislocated PBGs. Interface 
states cannot be realized once the two bands are inverted (ay2 > 0.835, Im(Z1) > 0, 
Im(Z2) > 0), so its retainability is mainly influenced by Zak phases of the bands. By 
comparing Fig. 5(f) with Fig. 7(e), it can be found that ay2∈(0.460a, 1.136a) (at ky = 
3π/(5.6a)) when interface states exist with dislocated PBGs, while ay2∈[0.4a, 0.835a) 
(at ky = π/(4a)) when interface states exist with non-dislocated PBGs, that is, the range 
of the former is larger than that of the latter, which shows that the interface states with 
dislocated PBGs has better retainability at the two selected ky. It should be 
emphasized the fact that ay2∈[0.4a, 0.835a) (at ky = π/(4a)) when interface states exist 
with non-dislocated PBGs is caused by the character of PC2 (the second and the third 
bands are inverted when ay = 0.835a, and Zak phases change), while ay2∈(0.460a, 
1.136a) (at ky = 3π/(5.6a)) when interface states exist with dislocated PBGs is caused 
by the character of PC1 and PC2 (the positions of PBGs), so the range of ay2 can be 
expanded furtherly when interface states exist with dislocated PBGs by changing the 
structure of PC1 (that is, retainability is adjustable), which also represents an 
advantage of the interface states with dislocated PBGs. 
According to the above analysis, at the selected ky, the interface states of the 
rectangular lattice PCs are more retainable with dislocated PBGs, and this conclusion 
is related to the relationship between the impedance, the width and the position of 
PBGs and the lattice constant, that is, the retainability of the interface states depends 
on the changing rule of Zak phases of the bands and the PBGs with the lattice 
constant in the rectangular lattice PCs. Further analysis of the characteristics of the 
interface states of the rectangular PCs with different materials, shapes and sizes of 
dielectric rods (as shown in Appendix) shows that this conclusion is universal. 
In this paper, based on the two PCs with the same kind of dielectric rods (materials, 
shapes and sizes are same) and different length-width ratios of rectangular lattices, the 
changing rule of Zak phases (φ) of rectangular lattice PCs with the length-width ratio 
(η2) of rectangular lattices is analyzed by fixing the length-width ratio (η1) of a 
rectangular lattice and changing the length-width ratio (η2) of the other rectangular 
lattice, thus the law that interface states are realized by changing the length-width 
 ratios of rectangular lattices is obtained, which establishes foundation for adjusting 
the size of lattice to realize the effect for optimizing transmission effect in waveguide 
under the premise of realizing interface states. 
4. Conclusions 
Two PCs with different rectangular lattices but the same material, shape and size of 
dielectric rods on both sides of the interface are constructed to realize interface states 
easily in this paper, and the mechanism of realizing interface states with Zak phase 
and surface impedance is analyzed to prove this way to realize interface states is 
feasible. When interface states are realized with dislocated PBGs and non-dislocated 
PBGs in rectangular lattice PCs, the retainability of interface states is analyzed with 
topological property of Zak phase at two selected ky when the length-width ratio of 
the rectangular lattice changes. It is found that the retainability with dislocated PBGs 
is mainly influenced by the positions of PBGs, while the retainability with 
non-dislocated PBGs is mainly influenced by Zak phases of the bands, and compared 
to the interface states with non-dislocated PBGs, the retainability of the interface 
states with dislocated PBGs is better and adjustable. These conclusions are suitable 
for the properties of interface states of rectangle lattice PCs with different materials, 
shapes and sizes of dielectric rods, and provide a new way to construct optical 
waveguide with strong retainability. 
Appendix: The characteristics of the interface states of the rectangular PCs with 
different materials, shapes and sizes of dielectric rods 
Suppose the materials of the square dielectric rods of the two PCs are all germanium 
(εr = 16) with a side length d = 0.32μm. The structures of the combination of the two 
PCs: Structure 1: ay1 = 1.4a (η1 = 1.4), ay2 = 0.7a (η2 = 0.7); Structure 2: ay1 = 0.9a (η1 
= 0.9), ay2 = 0.45a (η2 = 0.45). Firstly, we study whether the two structures can 
respectively realize interface states with dislocated or non-dislocated PBGs, as shown 
in Fig. 8. 
  
Fig. 8. (a), (b) The projected band structures of the PCs in Structures 1 and 2 (the red dashed lines 
indicate ky = 3π/(5.6a) and π/(4a) respectively, and the corresponding frequencies of the interface 
states are f = 0.6343c/a and 0.5266c/a respectively). The pink regions represent the passing bands 
of PC1 while the light green regions represent the passing bands of PC2. The dark green regions 
represent the common bands of the two PCs; (c), (d) the eigenfield distributions of interface states 
with f = 0.6343c/a and 0.5266c/a in the projected band structures of Structures 1 and 2; the 
projected band structures along the kx direction at ky = 3π/(5.6a) and Zak phases of the two PCs in 
Structure 1: (e) PC1; (f) PC2; (g) the electric field distribution of an realized interface state with f = 
0.6343c/a in Structure 1; the projected band structures along the kx direction at ky = π/(4a) and Zak 
phases of the two PCs in Structure 2: (h) PC1; (i) PC2; (j) the electric field distribution of an 
realized interface state with f = 0.5266c/a in Structure 2. 
According to Figs. 8(a) and 8(b), both structures can realize interface states. 
According to Figs. 8(c) and 8(d), both the eigenfield distribution are localized at the 
interface of the two PCs. Similar to the analysis of surface impedance and Zak phase 
in Figs. 3, 6(c) and 6(d), in Figs. 8(e) and 8(f), there is a frequency satisfies Eq. (1) in 
the fifth PBG of PC1 and the fourth PBG of PC2 in Structure 1, so an interface state 
exists with dislocated PBGs [55,56,66–68]. In Fig. 8(g), an interface state exists at the 
interface between the two PCs of Structure 1 with f = 0.6343c/a. In Figs. 8(h) and 8(i), 
there is a frequency satisfies Eq. (1) in the third PBGs of PC1 and PC2 in Structure 2, 
so an interface state exists with non-dislocated PBGs [55,56,66–68]. In Fig. 8(j), an 
interface state exists at the interface between the two PCs of Structure 2 with f = 
0.5266c/a. 
Similar to Figs. 5 and 7, changing the length-width ratio of the rectangular lattice 
(η2) of PC2, the retainabilities of the two kinds of interface states are studied with Zak 
phase and surface impedance with dislocated PBGs (as shown in Fig. 9, ky = 3π/(5.6a)) 
and non-dislocated PBGs (as shown in Fig. 10, ky = π/(4a)) to realize interface states. 
  
Fig. 9. (a)-(d) When ky = 3π/(5.6a), ay∈[0.4a, 1.4a], the changing situation of Zak phase in each 
band: (a) the first band; (b) the second band; (c) the third band; (d) the fourth band; (e) when ay1 = 
1.4a, ky = 3π/(5.6a), the projected band structures intercepted from Fig. 8(e) along the kx direction; 
(f) when ay1 = 1.4a, ay2∈[0.4a, a], ky = 3π/(5.6a), the schematic diagram of analysis of the 
frequency range of corresponding PBGs of interface states realized by the two PCs. The region 
surrounded by red dashed lines represents the frequency range of the fifth PBG of PC1, Im(Z1) > 0; 
the region surrounded by blue solid lines represents the frequency range of the fourth PBG of PC2 
with changing ay2, Im(Z2) < 0, and where the ends of the blue dashed lines mark are ay2/ax = 0.7; 
the region of black vertical lines represents the region of Im(Z1) > 0 and Im(Z2) < 0 when ay1 is 
fixed and ay2 is changed, where a certain frequency which can be obtained by the method of Fig. 
2(a) exists in any vertical line can satisfy Eq. (1); (g) when ay2 = 0.7a，ky = 3π/(5.6a), the 
projected band structures intercepted from Fig. 8(f) along the kx direction. 
As shown in Figs. 9(a)-9(d), when ky = 3π/(5.6a) and ay∈[0.4a, 0.701a), Zak 
phases of the second and the third bands are π, and when ay∈(0.701a, 1.4a], Zak 
phases of the second and the third bands are 0 (that is, the second and the third bands 
are inverted when ay =0.701a), while Zak phase of the first (fourth) band is always π 
(0), which is similar to the change rule in Figs. 5(a)-5(d), so we can analyze the 
retainability of interface states in the similar way, and the result is shown in Fig. 9(f). 
The frequency range surrounded by red dashed lines is the frequency range for 
Im(Z1) > 0 in the fifth PBG, while the bands of PC1 and Im(Z1) are shown in Fig. 9(e). 
The frequency range surrounded by blue solid lines is the frequency range for Im(Z2) 
< 0 in the fourth PBG with changing ay2. When ay2 = 0.7a where the ends of the blue 
dashed lines mark, the bands of PC2 and Im(Z2) are shown in Fig. 9(g). In the region 
of vertical lines in Fig. 9(f), when ay1 and ay2 are fixed, there is a frequency in the 
corresponding vertical line that can satisfy Eq. (1), then interface states can exist. 
According to Fig. 9(f), at ky = 3π/(5.6a), ay2∈(0.421a, 0.936a) when interface states 
are realized with dislocated PBGs, and the retainability is mainly influenced by the 
positions of PBGs. 
  
Fig. 10. (a)-(c) When ky = π/(4a), ay∈[0.32a, 0.9a], the changing situation of Zak phase in each 
band: (a) the first band; (b) the second band; (c) the third band; (d) when ay1 = 0.9a, ky =π/(4a), the 
projected band structures intercepted from Fig. 8(h) along the kx direction; (e) when ay1 = 0.9a, ay2
∈ [0.32a, 0.8a], ky = π/(4a), the schematic diagram of analysis of the frequency range of 
corresponding PBGs of interface states realized by the two PCs. The region surrounded by red 
dashed lines represents the frequency range of the third PBG of PC1, Im(Z1) > 0; the region 
surrounded by blue solid lines represents the frequency range of the third PBG of PC2 with 
changing ay2, Im(Z2) < 0, and where the ends of the blue dashed lines mark are ay2/ax = 0.45; the 
region of black vertical lines represents the region of Im(Z1) > 0 and Im(Z2) < 0 when ay1 is fixed 
and ay2 is changed, where a certain frequency which can be obtained by the method of Fig. 2(a) 
exists in any vertical line can satisfy Eq. (1); (f) when ay2 = 0.45a，ky = π/(4a), the projected band 
structures intercepted from Fig. 8(i) along the kx direction. 
As shown in Figs. 10(a)-10(c), when ky = π/(4a) and ay∈[0.32a, 0.818a), Zak 
phases of the second and the third bands are π, and when ay∈(0.818a, 0.9a], Zak 
phases of the second and the third bands are 0 (that is, the second and the third bands 
are inverted when ay = 0.818a), while Zak phase of the first band is always π, which is 
similar to the change rule in Figs. 7(a)-7(c), so we can analyze the retainability of 
interface states in the similar way, and the result is shown in Fig. 10(e). The frequency 
range surrounded by red dashed lines is the frequency range for Im(Z1) > 0 in the third 
PBG, while the bands of PC1 and Im(Z1) are shown in Fig. 10(d). The frequency range 
surrounded by blue solid lines is the frequency range for Im(Z2) < 0 in the third PBG 
with changing ay2. When ay2 = 0.45a where the ends of the blue dashed lines mark, the 
bands of PC2 and Im(Z2) are shown in Fig. 10(f). In the region of vertical lines in Fig. 
10(e), when ay1 and ay2 are fixed, there is a frequency in the corresponding vertical 
line that can satisfy Eq. (1), then interface states can exist. According to Fig. 10(e), at 
ky = π/(4a), ay2∈[0.32a, 0.818a) when interface states are realized with non-dislocated 
PBGs, and the retainability is mainly influenced by Zak phases of the bands. 
According to the above analysis, in the case of εr = 16, d = 0.32μm, comparing Fig. 
 9(f) with Fig. 10(e), it can be found that ay2∈(0.421a, 0.936a) (at ky = 3π/(5.6a)) 
when interface states exist with dislocated PBGs, while ay2∈[0.32a, 0.818a) (at ky = 
π/(4a)) when interface states exist with non-dislocated PBGs, that is, the range of the 
former is larger than that of the latter, which shows that interface states with 
dislocated PBGs have better retainability at the two selected ky. In the same way with 
the text, the retainability of interface states with dislocated PBGs can be adjusted by 
changing PC1, but the retainability of interface states with non-dislocated PBGs can’t 
be adjusted. 
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